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1 Introduction 



The reduction of a matrix to its Jordan form is an unstable operation: both 
the Jordan form and the reduction transformations depend discontinuously 
on the entries of the original matrix. Therefore, if the entries of a matrix 
are known only approximately, then it is unwise to reduce it to Jordan form. 
Furthermore, when investigating a family of matrices smoothly depending 
on parameters, then although each individual matrix can be reduced to a 
Jordan form, it is unwise to do so since in such an operation the smoothness 
relative to the parameters is lost. 

For these reasons V.I. Arnold pQ (see also [21 E]) constructed miniversal 
deformations of matrices under similarity; that is, a simple normal form to 
which not only a given square matrix A but all matrices B close to it can be 
reduced by similarity transformations that smoothly depend on the entries 
of B. Miniversal deformations were also constructed for: 

(a) real matrices with respect to similarity by Galin [11] (see also [21 [3]); 
his normal form was simplified in [13] : 

(b) complex matrix pencils by Edelman, Elmroth, and Kagstrom [8]; a 
simpler normal form of complex and real matrix pencils was constructed 
in [13]; 

(c) complex and real contragredient matrix pencils (i.e., matrices of pairs 
of counter linear operators [/ in [13] : 

(d) matrices of linear operators on a unitary space by Benedetti and Crag- 
no lini |4j; and 

(e) matrices of selfadjoint operators on a complex or real vector space with 
scalar product given by a skew-symmetric, or symmetric, or Hermitian 
nonsingular form in [T2l [71 [211 [23] . 

Futorny and Sergeichuk [9] constructed a miniversal deformation of ma- 
trices of complex bilinear forms; that is, of matrices under congruence trans- 
formations 

A S'^AS, S is nonsingular 

(and also miniversal deformations of pairs consisting of symmetric and skew- 
symmetric matrices since each square matrix is their sum). 
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In this paper, we construct an analogous miniversal deformation of ma- 
trices of complex sesquilinear forms; that is, of matrices under *congruence 
transformations 

A i-> S* AS, S is nonsingular 

(and also miniversal deformations of pairs J^) of Hermitian matrices 
since each square matrix is uniquely represented in the form ^ + see 
Remark 13. ip . 

All matrices that we consider are complex matrices. In Sections |2] and 
[3l we give miniversal deformations of matrices of bilinear forms. In Sections 
HHTIwe prove that these deformations are miniversal. 



2 The main theorem in terms of holomorphic 
functions 

Define the n-by-n matrices: 





'X 1 


0" 




'0 


r 




A • 


. 1 




1 . 


■ i 







A 




1 i 






The most important property of the symmetric matrices is that Z\„*Z\„ = 
A~^An is similar to Jri(l)- 

We use the following canonical form of complex matrices for *congruence. 

Theorem 2.1. Each square complex matrix is * congruent to a direct sum, 
uniquely determined up to permutation of summands, of canonical matrices 
of the three types 



in which A, /i € C 





Jm(A) 



(|A| > 1), ^iA^ = 1), Jfc(O) 



This canonical form was obtained in [TJ] basing on [2H Theorem 3] and 
generalized to other fields in [18] ; a direct proof that this form is canonical 
is given in [161 E] ■ 
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Let A be a given n-hj-n matrix, and let 



Aan = Hp^ (A.) ® © f^j^,, ® © (0) 



(2) 



be its canonical form for *congruence. All matrices that are close to A are 
represented in the form A + E in which E e C"^" is close to 0^. Let S{E) be 
a holomorphic nx n matrix function in some neighborhood of (this means 
that each of its entries is a power series in the entries of E that is convergent 
in this neighborhood of 0). Define T>(E) by 



Aan + V(E) = SiEYiA + E)S{E), 5(0) = S. 



(3) 



Then 'D(E) is holomorphic at and 'D{0) = 0. In the next theorem we obtain 
'D(E) with the minimal number of nonzero entries that can be attained by 
using transformations ([3]). By a (0,*,o,») matrix we mean a matrix whose 
entries are of the form 0, o, and •. The theorem involves the following 
(0,>i-,o,») matrices: 

• The mx n matrices 



1^ - 



if m ^ 72, or 



if m ^ n, 



if m ^ n or 



* * ••• 



if m ^ n, 



(choosing among the left and right matrices in these equalities, we take a 
matrix with the minimal number of stars; we can take any of them ii m = n). 

• The matrices 

that are obtained from 0"^ by the clockwise rotation through 90°, 180°, and 
270°. 

• The nx n matrices 
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1\ - 



1\ .- 



diag(*,.. 




,0) 


if n 


= 2k, 


diag(*,.. 


■ ,^°,o, 


..,0) 


if n 


= 2k + l, 


diag(>i-,.. 


.,>.,o,... 


,0) 


if n 


= 2k, 


diag(>i-,.. 




..,0) 


if n 


= 2k + l. 



(4) 
(5) 



in which the number of *'s is equal to k. 
• The mx n matrices 



0^ := 



(0^ can be taken in any of these forms), and 
'0 ... 



















or 



















* ... * 



with m^n 
and n-m-1 stars. 



(6) 



Let Acaa = Ai® A2®---® At be the decomposition ([2]). Partition V in 
conformably to the partition of Aca,n- 



V = V{E) 



(7) 



and write 



V{A,):=Vu. V{A,Aj):=(V,i,Vij) ifKj. 



(8) 



Our main result is the following theorem, which we reformulate in a more 
abstract form in Theorem 13.11 

Theorem 2.2. Let A be a square complex matrix and let ([2]) be its canonical 
matrix for congruence. All matrices A + E that are sufficiently close to A can 
be simultaneously reduced by transformations 



A + Ey^ S{Ey{A + E)S(E), 



S(E) is nonsingular 
and holomorphic at zero, 



(9) 
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to the form A^an + T^ in which V is a (0,*,o,») matrix such that the number of 
zero entries in V is maximal that can be achieved by transformations , the 
symbols *, o, and • inV represent complex, real, and pure imaginary entries 
that depend holomorphically on the entries of E, and the blocks of V with 
respect to the partition ([7]) are defined in the notation ([8]) by the following 
equalities in which \X\ > 1, \X'\ > 1, and = \fi'\ = 1: 



(i) The diagonal blocks ofV are defined by 




0^ 







tffiiR, 

0^ ifniiR 
. u zR then we can use both 0^ and 0^); 



(10) 



(12) 



(ii) The off-diagonal blocks ofV whose horizontal and vertical strips contain 
summands of Acan of the same type are defined by 



f(0, 0) 



V{H^{\), H^{\')) 



P(yUZ\„,/i'Z\„) 



0^ 
0^ 



ifX + X', 
ifX = y; 



(0,0) z//i*±Ai', 
(0\0) z//i = ±Ai'; 



(13) 



(14) 



r^f T fn\ T raw l(O^'O^) tf m ^ n and ms even, 

I (0 + Pnmi ) if n and n is odd. 

(iii) The off-diagonal blocks ofV whose horizontal and vertical strips contain 
summands of A^an of different types are defined by 



V{HUX),fiA^) = (0, 0); 



(16) 



V{HM),Jnm=V{i.A^,.UO)) = \ °\ (17) 

(0-^, 0) if n IS odd. 
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For each A e C"*^", the set 

T{A):={C*A + AC\CeC'''"^} (18) 

is a vector space over M, which is the tangent space to the congruence class 
of A at the point A since 

(/ + eCyA(I + eC)=A + e{C*A + AC) + e^C*AC (19) 

for all C 6 C"'^" and e e R. 

The matrix V from Theorem 12.21 was constructed such that 

C"'^" = r(Aan)®R2?(C) (20) 

in which X'(C) is the vector space of all matrices obtained from V by replacing 
its entries o, and • in 2? by complex, real, and pure imaginary numbers. 
Thus, the double number of stars plus the number of circles plus the number 
of bullets in 2? is the codimension over M of the *congruence class of Acan] 
it was independently calculated in [6]. Simplest miniversal deformations 
of matrix pencils and contagredient matrix pencils and of matrices under 
congruence were constructed in [131 E] by an analogous method. 

Theorem \2.^ will be proved in Sections as follows: we first prove in 
Lemma [4.21 that each (0,*,o,») matrix that satisfies f l20|) can be taken as V 
in Theorem 12. 2[ and then verify that V from Theorem 12.21 satisfies (120|) . 



3 The main theorem in terms of miniversal 
deformations 

The notion of a miniversal deformation of a matrix with respect similarity 
was given by V. I. Arnold (see also §30B]) and can be extended to 
matrices with respect to *congruence as follows. 

A deformation of a matrix A € C"*"" is a holomorphic map ^:A ^ (j^nxn 
in which A c M'^ is a neighborhood of = (0, . . . , 0) and ^(0) = A. 

Let A and B be two deformations of A with the same parameter space 
M'^. A and B are considered as equal if they coincide on some neighborhood 
of (this means that each deformation is a germ). We say that A and B are 
equivalent if the identity matrix J„ possesses a deformation I such that 

^(A) =X(A)*^(A)X(A) (21) 

for all A = (Ai, . . . , Afc) in some neighborhood of 0. 
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Definition 3.1. A deformation ^(Ai, . . . , A^) of a matrix A is called versal 
if every deformation B{fii, jji) of A is equivalent to a deformation of the 
form A(ipi(fl), . . . jLpkifi)), in which all : M ^ M are power series that 
are convergent in a neighborhood of and 99^(0) = 0. A versal deformation 
^(Ai, . . . , Afc) of v4 is called miniversal if there is no versal deformation having 
less than k parameters. 

For each (0,*,o,») matrix V, we denote by 2?(C) the real space of all 
matrices obtained from V by replacing its entries *, o, and • by complex, 
real, and pure imaginary numbers (as in f l2U]) ) and by T>(e) the parameter 
matrix obtained from V by replacing each star with Sij + ie'-j, each 
circle with Eij, and each (^, j) bullet with ie'-. This means that 

ViC):={ C^.,)e( RE,,)®{ iRE,,), (22) 

(iJ)eJ,(0) {i,j)eX,{V) {i,j)eX.(V) 

■■= ( E i^^J + + ( E ^^^E,,) + ( E ^^h^^j)^ (23) 

where 

X,(P), Jo(2?),X.(D) c {1, . . . , X {1, . . . , n} (24) 

are the sets of indices of the stars of the circles, and of the bullets in V, and 
Eij is the elementary matrix whose entry is 1 and the others are 0. 

We say that a miniversal deformation of A is simplest if it has the form 
A + T>{e), where P is a (0,*,o,») matrix. If all entries of V are stars, then it 
defines the deformation 

U{e):=A+Y,{eij + ie',^)E,,. (25) 

Since each square matrix is *congruent to its canonical matrix, it suffices 
to construct miniversal deformations of canonical matrices ([2]). These de- 
formations are given in the following theorem, which is a stronger form of 
Theorem O 

Theorem 3.1. Let A can be a canonical matrix for congruence. A simplest 
miniversal deformation of A^an can he taken in the form A^an + T^iS) , where V 
is the (0,*,o,») matrix partitioned into blocks Vij (as in ([7])) that are defined 
by f[T0|) -(fT7D m the notation 
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Remark 3.1. Theorem 13.11 also gives a miniversal deformation of a canonical 
pair for *congruence of Hermitian matrices (e^arn^an) of the same size; 
that is, a normal form with minimal number of parameters to which all pairs 
of Hermitian matrices (J^, ^) that are close to (^an,^an) can be reduced 
by *congruence transformations 

{je, JT) ^ {S*J^S, S*jrS), S is nonsingular, 

in which S smoothly depends on the entries of and J^. All one has to 
do is to express A^an + ^(^) as the sum J^(e) + iJ(f{e) in which J^{e) and 
J(f{e) are Hermitian matrices. The canonical pair (t^am-^an) such that 
'^an + i'^ca.n = ^can was described in [TTl Theorem 1.2(b)]. 



4 Beginning of the proof of Theorem 13.1 



Let us give a method of constructing simplest miniversal deformations, which 
is used in the proof of Theorem 13.11 

The deformation fl25l) is universal in the sense that every deformation 
B(fii, . . . , Hi) of A has the form U{ip(fii, . . . , fii)), where tpij : M -> M are 
power series that are convergent in a neighborhood of and fij{0) = 0. 
Hence every deformation B{fii, . . . ,fii) in Definition 13.11 can be replaced by 
U{e), which gives the following lemma. 

Lemma 4.1. The following two conditions are equivalent for any deforma- 
tion ^(Ai, . . . , Afc) of a matrix A: 

(i) The deformation ^(Ai, . . . , A^) is versal. 

(ii) The deformation f l25|) is equivalent to ^(v?i(e), . . . , for some 
power series : M ^ M that are convergent in a neighborhood of and 
such that V5j(0) = 0. 

If is a subspace of a vector space V , then each set v + U with v \s 
called an affine subspace parallel to U. 

The proof of Theorem 13.11 is based on the following lemma, which gives 
a method of constructing miniversal deformations. A constructive proof of 
this lemma is given in Section ??. 

Lemma 4.2. Let A e C"*"" and letV be a (0,*,o,») matrix of size nxn. The 
following three statements are equivalent: 
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(i) The deformation A + ^{e) defined in fl23l) is miniversal. 

(ii) The vector space C"''" decomposes into the direct sum 

= T(A)©M^?(C) (26) 
in which T[A) is the vector space over M defined in (IT5]) . 

(iii) Each affine ^.-subspace in C"''" parallel to T(A) intersects T>{C) at 
exactly one point. 

Proof. Define the action of tlie group G'L„(C) of nonsingular n-hj-n matrices 
on tlie space C"'*" by 

A'^-S^AS, AeC"'^", 5€G'L„(C). (27) 

Tlie orbit A'~^^" of A under tliis action consists of all matrices that are *con- 
gruent to A. 

By (fT9l) . the space T{A) is the tangent space to the orbit A'~^^" at the 
point A. Hence T>{e) is transversal to the orbit A^^" at the point A if 

C">^" = r(y4) + P(C) 

(see definitions in [31 § 29E] ; two subspaces of a vector space are called 
transversal if their sum is equal to the whole space). 

This proves the equivalence of (i) and (ii) since a transversal (of the 
minimal dimension) to the orbit is a (mini)versal deformation Section 
1.6]. The equivalence of (ii) and (iii) is obvious. □ 

Recall that the orbits of canonical matrices ([2]) under the action (1271) were 
also studied in |6]. 

Due to Lemma 14. 2^ a simplest miniversal deformation of A e C 
can be constructed as follows. Let Ti,...,Tr be a basis of the space 
T{A), and let . . . ,£'„2,ii?i . . . ,i£'„2, be the basis of C"""" over M, 
in which £'i,...,£^„2 are all elementary matrices Eij. Removing from 
the sequence Ti, . . . ,Tr, Ei, . . . , £'„2 , iEi . . . , «£'„2 every matrix that is a 
linear combination of the preceding matrices, we obtain a new basis 
Ti, . . . ,Tr, Ei^ , . . . , Ei^ , Ej^ , . . . , Ej^ of the space C"*"" over M. By Lemma 
14. 2[ the deformation 

^(^1, . . . ,ek-,s'i,. . . ,e'f) = A + EiEi^ + ■■■ + SkEi^ + ^'i-E-ji + • • • + ^[Ej^ 
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is miniversal. 

For each M e C™'*'" and e C***", define the real vector space 

T(M, A^) := {{S*M + NR, R*N + MS) \ S e C'"'^", R e C"'^'"}. (28) 

Lemma 4.3. Let A = Ai®- ■ -ffiA^ be a block- diagonal matrix in which every Ai 
is Uixm. Let V - [Vij] be a (0,=i-,o,») matrix of the same size and partitioned 
into blocks conformably to the partition of A. Then A + T>(e) is a simplest 
miniversal deformation of A for congruence if and only if 

(i) each affine M.-subspace in C"'»''"* parallel to T{Ai) {defined in (ITS]) ) 
intersects 'Dii{<C) at exactly one point, and 

(ii) each affine M.-subspace in C"j''"»©C"»''"j parallel to T(Ai,Aj) intersects 
Pjj(C) ®Vij{C) at exactly one point. 

Proof. By Lemma [4.2( iii). A + I)(e) is a simplest miniversal deformation of 
A if and only if for each C € C"*"" the affine M-subspace C + T{A) contains 
exactly one D e T>(C); that is, exactly one 



D = C + S*A + ASeV{C) with >S € C"'^". 



(29) 



Partition D, C, and S into blocks conformably to the partition of A. By 
for each i we have Da = Ca + S*^Aii + AaSu, and for all i and j such that 
i < j we have 



n.. n.. 



Ai 
A, 



Ai 
A, 



Thus, 



Cji Cjj 
is equivalent to the conditions 

Du = Cu + S:,A, + ASii e Vu{C) ioil^t^t 



q.. q.. 
q.. q.. 



(30) 



and 



A,) = (C,,, d^) + {S:,A, + A,Sji, S;,Aj + AiSij) e Vj,{C) e %(C) (31) 



for 1 ^ i < j ^ t. Hence for each C e C"''" there exists exactly one D e V oi 
the form ( 129|) if and only if 



(i') for each Ca £ C"»''"* there exists exactly one Da e Va of the form fl30 
and 
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(ii') for each {Cji,Cij) e C"jxn> © C"'''"^ there exists exactly one {Dji,Dij) € 
Vji{C) e %(C) of the form (EH). 

This proves the lemma. □ 

Corollary 4.1. In the notation of Lemma [4.31 A + V{6) is a miniversal defor- 
mation of A if and only if each submatrix of the form 



with i < j 



is a miniversal deformation of Ai ® Aj. A similar reduction to the case of 
canonical forms for congruence with two direct summands was used in [6] for 
the solution of the equation XA + AX* = 0. 

Let us start to prove Theorem 12.21 Let Ac^n - Ai ® A2 ® ■■■ ® At be the 
canonical matrix (|2]), and let V = [Pjj]*^-^^ be the (0,>i-,,o,») matrix that has 
been constructed in Theorem 13.11 Each Ai has the form Hn{X), or fxAn, 
or J„(0), and so there are 9 types of diagonal blocks V^Ai) = Va and pairs 
of off-diagonal blocks V{Ai,Aj) = {Vji,Vij), i < j; they have been given in 
Theorem 12.21 It suffices to prove that ( 1T0|) -([T71) satisfy the conditions (i) and 
(ii) from Lemma [4.31 



5 Diagonal blocks of T> 

Fist we verify that the diagonal blocks of T) defined in part (i) of Theorem 
12.21 satisfy the condition (i) of Lemma 14.31 

5.1 Diagonal blocks V{Hn{\)) with |A| > 1 

Due to Lemma I4.3( i). it suffices to prove that each 2n-by-2ri matrix A = 
_^ can be reduced to exactly one matrix of the form ffTOj) by adding 





0* ' 
'^21 







In 


+ 





In 




'^11 


Sl2 


_'-'l2 


C* 
*^22_ 




Jn{\) 





Jn{\) 







'S'21 


S22 



S2iJn{^) + S21 3^^ + 822 

5'22</n(A) + Jn(\)Su S^2 + Jn{^)Sl2 
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in which S = [Sij]fj^^ is an arbitrary 2n-by-2n matrix. Taking S22 = ^^12 and 
the other Sij = 0, we obtain a new matrix A with A12 = 0. To preserve A12, we 
hereafter must take S with 8^^ + 822 = 0. Therefore, we can add ^'21 Jn(A) + S'2i 
to (the new) Au, S^^ + «^n(A)S'i2 to A22, and S'iiJ„(A) + Jn(A)5'ii to A21. 
Using these additions, we can reduce A to the form (|TOl) due to the following 
3 lemmas. 

Lemma 5.1. Adding S'J„(A) + S* , in which X is a fixed complex number, 
|A| ^ 1, and S is arbitrary, we can reduce each n-by-n matrix to the zero 
matrix. 

Proof. Let A = [oij] be an arbitrary n-by-n matrix. We will reduce it along 
its skew diagonals starting from the upper left hand corner: 

an, {021, au), (031 

by adding AA := SJn{X) + S* in which S = [sij] is any n-hj-n matrix. For 
instance, if n = 4 then AA is 

Asii+O + Sii Asi2 + Sii + S21 Asi3 + S12 + S31 Asi4 + Si3 + S41 

AS21 + + S12 AS22 + ■§21 + S22 AS23 + S22 + 532 AS24 + S23 + S42 

AS31 + + Si3 AS32 + S31 + S23 AS33 + S32 + S33 AS34 + S33 + S43 

_AS41 + + Si4 AS42 + S41 + S24 AS43 + S42 + S34 AS44 + S43 + S44 

We reduce A to by induction: Assume that the first t-1 skew diagonals 
of A are zero. To preserve them, we take the first t-1 skew diagonals of S 
equalling zero. If the t*^ skew diagonal of S is (zi, . . . ,Xr), then we can add 

{\Xi + Xr, Xx2 + Xr-l, Xx^ + Xr-2, XXr + Xi) (34) 

to the t*^ skew diagonal of A. Let us show that each vector (ci, . . . , Cr) e C'' 
is represented in the form flMl) : that is, the corresponding system of linear 
equations 

has a solution. This is clear if A = 0. Suppose that X i^O. 

Let r = 2fc + 1. By (1551) . Xj = X'^(cj - Xr-j+i). Replace j hj r - j + 1: 

Xr-j+l = A ^{Cr-j+l - Xj). (36) 
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Substituting into the first k + 1 equations of (15^ . we obtain 



XXj + A {Cr-j+l - Xj) = {X - X )Xj + X Cr-j+l = Cj, 

Since |A| 1, A - A^^ and we have 

C/j ^ Cy — T -f- X /XC-l Cf — 7 -J- X 

Xi = = —, J = 1, 



j = l,...,k+l. 



.k + 1. 



(37) 



A - A-i AA - 1 

The equahties ( l36l) and ( 1371) give a solution of ( l35ll . 

If r = 2k, then (l35l) is solved in the same way, but we take j = 1, . . . , A; in 
(ETD. □ 



Lemma 5.2. Adding J„(A)i? + R* , in which X is a fixed complex number, 
|A| 1, and R is arbitrary, we can reduce each n-by-n matrix to the zero 
matrix. 

Proof. By Lemma 15.11 for each n-by-n matrix B there exists 5" such that 
B + S.Jn{X) + S* = Q. Then 



B* + Jn{xys* + S = 



Write 



Z:-- 



Because ZJn{X)*Z = Jn(A), we have 

zB*z + Jn{x){zszy + zsz = o. 

This ensures Lemma [5.21 since ZB*Z is arbitrary. 



□ 



Lemma 5.3. Adding SJn{X) + Jn{X)S , we can reduce each nx n matrix to 
exactly one matrix of the form 0^ . 

Proof. Let A = [oij] be an arbitrary nx n matrix. Adding 



^^n(A) - Jn{X)S = SUO) - JniO)S 

S21 - S22- Su S23 - S12 



S2n " "Sl,n-1 



Snl ~ Sn2 ~ Sn-l,l ^ni " Sn-1,2 

,0-0 0-s„i 0-s„2 



~ Sn,n-1 
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we reduce A along the diagonals 



to the form 0'^ . 



□ 



5.2 Diagonal blocks V{fiAn) with = 1 

Due to Lemma l4.3( i). it suffices to prove that each nxn matrix A can be 
reduced to exactly one matrix of the form 0^ if ^ M or 0^ if /i ^ zM by 
adding AA := //(S'*Z\„ + AnS) in which S = [sy] is any n-by-n matrix. 
For example, if n = 4 then AA is 



541 + S41 + i(0 + 0) 531 + 542 + 2(541+0) ... Sii + S44 + z(s2i + 0) 

542 + S31+i(0 + S4i) S32 + S32 + Z(S42 + S42) ... Sl2 + S34 + ^(^22 + S44) 

543 + S2I + i{,0 + S31) 533 + 522 + ^(543 + 532) •■• Sl3 + 524 + «(S23 + 534) 

544 + Sii + z(0 + S21) S34 + S12 + i(s44 + S22) ••• Sl4 + -Sm + ^(S24 + S24) 



Let A A = n[6ij]. Write 

Sn+i,j-=0 for j = l,...,n. (38) 

Then 

S'tej* i.- Lei us prove that 

3S ■ A + AA is a diagonal matrix. (40) 

Let A - [i\aij\. We need to prove that the system of equations 

bij = -aij, ij = l,...,n, i^j (41) 

with unknowns Sij is consistent for all ttij. 
Since 

^ji ~ Sn+2-j,i + ^n+2-i,j ~ ^('5n+2-j,i + Sn+2-ij") ~ 

we have 



S 



n+2-j,i + Sn+2-i,j = {^ij - 5ji)/{2i) = {-ttij + aji)/{2i) 
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Thus, the system of equations (HT]) is equivalent to the system 

i,3 = l,...,n, i<j. (42) 



in which 

bij ■= {-aij - aji)/2, Cij := {-aij + aji)/{2i). 
For k,l - 1, . . . ,n, write 

\-Ski if k + l^n + 2, 

Uki-=\_ .r , , ^ 1 (43) 
\Ski n k + L ^ n + 1. 

Then the system fH2l) takes the form 

_^ = l,...,n, 2<j. (44) 

Rewrite it as follows 

Uki-Upq = b[i, k + q = l+p = n + l, k<p, 

h'Q' ~ ^'kv k + q' = I + p' = n + 2, k<p'. 



(45) 



Since k-l = p-q=p'-q', the system (145|) is partitioned into subsystems with 
unknowns Uij, i - j = const. Each of these subsystems has the form 

Ukl - Up+i^g+i = c'l^i, Ukl-Upq = b[i, Mfc+l,Z+l - = C^+i ... (46) 

and is consistent. This proves fHU]) . 

Step 2: Let us prove that for each diagonal matrix A 

3S: A + AAhastheform0^tffiiRorO'^ifi2iiR. (47) 

Since A, 0^, and 0^ are diagonal, the matrix A A must be diagonal too. 
Thus, the entries of S must satisfy the system fHT]) with aij = 0. Reasoning 
as in Step 1, we obtain the system fH51) with = c^^ = 0, which is partitioned 
into subsystems (H6!) . Each of these subsystems is represented in the form 

Ul,r+1 = U2,r+2 = ■■■ = Un-r,n (48) 

in which r ^ 0, or 

Ur+1,1 = Ur+2,2 = ' ' ' = Un,n-r = Un+l,n-r+l = (see (ES])) (49) 
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in which r ^ 1. By fl43p . S is upper triangular and 

^l,r+l — • • • — Sz^r+z ~ ~ ^ z+l,r+z+l — • • • — ~Sn-r,n 

in which z is the integer part of (n + 1 - r)/2 and r - 0,1, ... ,n - 2. 

Let r?, = 2m or 2m + 1. By ( l39l) . the first m entries of the main diagonal 
of fj,'^AA are 

Sn-1,2 + Sn-1,2 + ^(Sn2 + Sn2) 



They are zero and so we cannot change the first m diagonal entries of A. 
The last m entries of the main diagonal of fi^^AA are 

^2,71-1 + ■S2,n-1 + ^(S3,n-1 + Ss^n-l) 
Sin + -Sin + i{s2n + S2n) ■ 

They are arbitrary and we make zero the last m entries of the main diagonal 
of A. This proves fB7|) for n = 2m. 

Let n = 2m + 1. Since Sm+2,m+i = 0, the (m + l)st entry of fi'^AA is 

which is an arbitrary real number. Thus, we can add fir with an arbitrary 
r 6 M to the (m + l)st entry of A. This proves P7|) for n = 2m + 1. 

5.3 Diagonal blocks D(J„(0)) 

Due to Lemma [4.3( i). it suffices to prove that each n-hj-n matrix A can be 
reduced to exactly one matrix of the form 0^ by adding 

AA:^S*JniO) + Jn{0)S 

+ S21 Sii + S22 S21 + S23 ... Sn-1,1 + S2n 

+ S31 S12 + S32 S22 + S33 ... Sn-l,2 + S3n 

+ S„i Si^„_i + S„2 S2,n-1 + ■Sn3 • ■ • "Sn-l,n-l + Snn 
.0 + Si„ + S2n + ... Sn-l,n + 
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in which S = [sij] is any n-hj-n matrix. Since 

AA=[bij], bij '■= Sj^i^i + Si+ij (soi := 0, s„+ij:=0), (51) 

all entries of A A have the form Ski + si+i^k+i- The transitive closure of 
{k,l) ~ {l + l,k + l) is an equivalence relation on the set {1, . . . , r?,} x {1, . . . ,n}. 
Decompose AA into the sum of matrices 

AA = Bnl + Bn-l,l + ■■■ + Bii + Bi2 + • • • + Bi^n-1 

that correspond to the equivalence classes and are defined as follows. Each 
Bij (j = 1, 2, . . . , n) is obtained from AA by replacing with all of its entries 
except for 

Sij + + ■S3,j+2) ^3J+2 + ■ ■ ■ (^2) 

and each Bn (i = 2,3, . . . ,n) is obtained from A A by replacing with all of 
its entries except for 

+ Sji, Sji + S2,i+1, S2,j+1 + 5j+2,3i Si+2,3 + S4,i+3, "34,2+3 + ■Si+4,5, (53) 

the pairs of indices in ( 152|) and in (153|) are equivalent: 

(1, jXi + 1, 2) ~ (3, J + 2) ~ (j + 3, 4) - . . . 

and 

~ (2,z + l) ~ (i + 2,3) ~ (4,i + 3) - (2 + 4,5) ~ .... 

We call the entries ( l52l) and ( 153|) the mam entries of and Sji (« > 1). 
The matrices . . . , Bii,Bi2, . . . , -Bin have no common Sij, and so we can 
add to A each of these matrices separately. 

The entries of the sequence (152!) are independent: an arbitrary sequence 
of complex numbers can be represented in the form (!52|) . The entries ( 153|) 
are dependent only if the last entry in this sequence has the form Skn + (see 
f l50p ): then {k, n) = (2p, i-1 + 2p) for some p, and so i = n+1- 2p. Thus the 
following sequences ( 15^ are dependent: 

+ S„_i^l, S„_l,l + S2n, S2„ + 0; 
+ S„_3,l, S„_3,i + S2,n-2, ■S2,n-2 + 5n-l,3, S„_i^3 + S4„, S4„ + 0; ... 

One of the main entries of each of the matrices i?„_3 i, i?„_5^i, ... is 

expressed through the other main entries of this matrix, which are arbitrary. 
The main entries of the other matrices Bn and Bij are arbitrary. Adding 
Bii and Bij, we reduce A to the form 0^. 
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6 OfF-diagonal blocks of V that correspond to 
summands of Acan of the same type 



Now we verify the condition (ii) of Lemma 14.31 for those off-diagonal blocks 
of V (defined in Theorem l2.2( ii)) whose horizontal and vertical strips contain 
summands of Acan of the same type. 



6.1 Pairs of blocks V{Hm{X), Hn{^i)) with 



> 1 



Due to Lemma [4.3( ii). it suffices to prove that each pair {B^A) of 2n x 2m 
and 2m x 2n matrices can be reduced to exactly one pair of the form (JT3ll by 
adding 

{S*Hm{\) + HMR, R*HM + Hm{X)S), S € C"'^", R € C"'^". 

Putting i? = and S = -Hm{)^Y^A, we reduce A to 0. To preserve ^4 = 
we hereafter must take S and R such that R*Hn(fJ.) + Hm{X)S = 0; that is, 

S = -HmiX)-'R*HM, 

and so we can add 

AB := -Hn{fiyRHm(Xr*H^{X) + H^R 

to B. 



Jra{X) 

JM-'^ 







Write P ■= -HM*R, then R = -H^{ii)-*P and 
AB^P 

Partition B, AB, and P into nx m blocks: 
B = 





JnifJ') 



P 



(54) 





B12 


AB = 


'ABn 


ABu 


P = 


'x 


y' 


B21 


B22 


AB21 


AB22_ 


Z 


T 



By dMD, 



ABi^ = XJrn{X)-Jn{jiy^X, 

AB2i = ZJm{X)-JMZ, 



ABi2 = YJmCxy^ - Jn^y^Y, 
AB22 = TJ^Cxy^-JMT. 
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These equalities ensure that we can reduce each block B^j separately by 
adding ABij. 

(i) Fist wc reduce Bu by adding ABu = XJm{\) - Jn(fl)~^X. 

Since |A| > 1 and > 1, we have that Jm{^) and Jn{p')~^ have no common 
eigenvalues and so ABn is an arbitrary matrix. We make Bu = 0. 

(ii) Let us reduce B12 by adding AB12 = YJm{X)~^ - Jn{p')~^Y. 
U Xi^ H, then AB12 is arbitrary; we make B12 = 0. 

Let \ = ii. Write F J„(0). Since 



J„(A)-i = (A4 + F)-' = A-14 - X-'F + X-'F' - 



we have 



AB,2 = Y{JM)-^-~X-'lm) 


-(Jn(A)- 




-'ln)Y 








'yi2 ■ ■ ■ 


yim 


0" 




■ . 


. " 


= -A-2 


y22 ■■■ 


y2m 





+ A-2 


yn ■ 


• yim 




2/32 • • • 


ysm 







1/21 • 


■ 2/2m 



We reduce B12 to the form 0^ along its diagonals starting from the upper 
right hand corner. 

(iii) Let us reduce B21 by adding AS21 = ZJ„i(X) - Jn{iJ,)Z. 
If A ^ then AB21 is arbitrary; we make B21 - 0. 
If A = then 



AB21 = Z{Jm{X) - Xlm) - (JniX) - A/JZ 








^l,m-l 




'Z21 ■ 


Z2m 





Zn-l,l ■ ■ 


2n-l,m-l 




Znl ■ 


Znm 











. • 


■ _ 



we reduce B12 to the form 0'^ along its diagonals starting from the lover left 

hand corner. 

(iv) Finally, reduce B22 by adding AB22 = TJm{X)~^ - Jn{n)T.- Since 
|A| > 1 and |//| > 1, AB22 is arbitrary; we make B22 - 0. 
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6.2 Pairs of blocks V{fiAm,i^^n)) with = = 1 

Due to Lemma [4.3( ii). it suffices to prove that each pair (B, A) of n x m and 
mxn matrices can be reduced to exactly one pair of the form (0, 0) if fi i= ±p 
and (0"^ , 0) if /i = ±z/ by adding 

We put R = and S = -p,A:^A, which reduces A to 0. To preserve 
A = we hereafter must take 5" and R such that uR*An + f^A^S = 0; that is, 
S = -]jivA:^R* An, and so we can add 

AS ■.= vAnR-^i''yAlRA-^An, 



to B. 

Write P:= A*R^ then 



Since 



^B = y[y\AnAn*)P-ii''P{A-^A,^)]. 

i r 



(55) 



A: 



we have 



i 1 
1 

1 

2i 1 







(56) 



and 



A-^A„, = {AnAn*) 



2i 1 

1 2i 
1 •• 





2i 
1 



(57) 



If ^ ±z/, then /i^ //2^ ^j-^g matrices y'^^AnA^*) and iJ?{A:^ Am) have 
distinct eigenvalues, and so AS can be made arbitrary. We make 5 = 0. 
If = ±z^, then 



A5 

2zz/ 



'0 


0' 




"0 


1 




1 




p-p 




• 


. 1 


* 


1 o_ 




_0 




0_ 
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and we reduce B to the form 0"^ along its skew diagonals starting from the 
upper left hand corner. 



6.3 Pairs of blocks I>( J„i(0), Jn(0)) with m ^ n. 

Due to Lemma [4.3( ii). it suffices to prove that each pair (B, A) of n x m and 
m X n matrices with m ^ n can be reduced to exactly one pair of the form 
(0^, 0^) if n is even and of the form (0^ + Vnm, 0^) if n is odd by adding 
the matrices 

AA = i?V„(0) + Jrn{0)S, AB* = JrniOfS + i?V„(0)^ (58) 

to A and B* (we prefer to reduce B* instead of B). 

Write S = [sij] and R* = [-rij] (they are m-by-n). Then 



AA 



521-0 



S22 - rii 



■S23 ~ fl2 



S2n - l^l.n^l 



"Sm-1,1 " Sm_i^2 ^ ^m-2,1 -Sm-l.S ~ ^m-2,2 • • 

.0-0 O-r^i 0-rm2 



^m-l,n ~ '"r?i-2,n-l 
Smn ~ ^m-l,n-l 
~ 1"m,n-l 



and 



AB* 



su - r22 



0-ri3 
S12 - 



Sl,„-1 - r2r, 



0-0 

Sin - 



Adding AA, we reduce A to the form 



Sm-2,n-l '^m-l,n '5m-2,n 



0^ := 



0. 



'm-l,n 



(59) 



To preserve this form, we hereafter must take 

S21 = • • • = = 0, Sij = Ti^ij-i {2^i^m, 2^j^n). (60) 

Write 

(^00) '''Ol) • • • ) ''^0,n-l) '■= Si2, ■ ■ ■ , Sin), 
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then 



0-ri2 

roo - ^22 

- r32 
0-r42 



0-ri3 
roi - r23 
rii - raa 
r2i - r43 



0-ri„ 0-0 

''0,n-2 - ''O.n-l " 

ri,n-2 - ran ri,„_i - 

r2,n-2 - TAn r2,n-l - 



- fm-2,1 ~ f'm'i 



^m-2,n-2 ^'mn ^'m-2,n-l 



(61) 



If r-ij and ri'j' are parameters of the same diagonal of AB*. then i- j = 
i' -j'. Hence, the diagonals of AB* have no common parameters, and so we 
can reduce the diagonals oi B* independently. 

The first n diagonals of AB* starting from the upper right hand corner 

are 

0, (-^in, ro,„-l), (-ri^n-l, f0,n-2 - f2n, ^i^n-l), 

{-^l,n~2, f'0,n-3 ~ '>^2,n-l: '^1,71-2 ~ 'f'Sn: r2,„-l), 
(~ ri,n-3 ; ro,n-4 " 1^2,^.-2, fl,n-3 ~ ^3,n-l , ^2,n-2 - fin-, ^s^n-l), • • • 

(we underline linearly dependent entries) , adding them we reduce the first n 
diagonals of B* to the form 0~^ . 
The (n + 1)*** diagonal of AB* is 

(roo - ^22, rii - r33, . . . , rn-2,n-2 - Tnn) if m = n, 

(roo - ^22, rii - rsa, . . . , r„_2,„-2 - r„„, r„_i,„_i) if m > n. 

Adding it, we make the {n + diagonal of B* zero. 

If m > n + 1, then the (n + 2)"*^, . . . , m}^ diagonals of AB* are 

(-^32, r2i - r43, r32 -r54 , . . . , r„,n_i), 

^~'fm-n-¥l,2i fm-n,l ~ 1"m-n+2,3i fm-n+1,2 ~ fm-n+3,4:i • • • > 'fm-2,n-l)- 

Each of these diagonals contains n elements. If n is even, then the length 
of each diagonal is even and its elements are linearly independent; we make 
the corresponding diagonals of B* equal to zero. If n is odd, then the length 
of each diagonal is odd and the set of its odd-numbered elements is linearly 
dependent; we make all elements of the corresponding diagonals of B* equal 
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to zero except for their last elements (they correspond to the stars of Vnm, 
which is defined in (jS])). 

It remains to reduce the last n-1 diagonals of B* (the last n-2 diagonals 
if m = n). The corresponding diagonals of AB* are 

1^m~3,l - ?"m-l,3i fm-2,2 - fm4), 
fm-i,l " f'm-2,3i ^m-3,2 ~ ^m-1,4) '"m.-2,3 ^ ^ms); 

(~'"m-n+3,2? '^m-n+2,1 ~ '^in-n+A,3i • • • ) ^m-2,n-3 ~ ^m,n-l)) 

and, only if m > n, 

(~'"m-n+2,2) '^m-n+1,1 ~ '"m-n+3,3i • • • i '^m~2,n-2 ~ '^mn')- 

Adding these diagonals, we make the corresponding diagonals of B* zero. To 
preserve the zero diagonals, we hereafter must take rm2 ~ ?"m4 = = • • • = 
and arbitrary r^i, r^s, rm5, ■■■■ 

Recall that A has the form O-'- (see ( 159|) ). Since Tmi, Tms, rm5, ■■■ are 
arbitrary, we can reduce A to the form 

Om-l,n 

* * •■• 

by adding AA; these additions preserve B. 

If m = n, then we may alternatively reduce A to the form 












.. 


. 




.. 


. 





.. 


. 




.. 


• 0. 



preserving the form 0^ of B. 

7 OfF-diagonal blocks of T> that correspond to 
summands of Acan of distinct types 

Finally, we verify the condition (ii) of Lemma S]3]for those off-diagonal blocks 
of V (defined in Theorem 12 . 2 ( iii) ) whose horizontal and vertical strips contain 
summands of Acan of different types. 
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7.1 Pairs of blocks P(i/,„(A), /iZ\„) with |A| > 1 and |^| = 1 

Due to Lemma l4.3( ii). it suffices to prove that each pair (-8,^4) of n x 2m 
and 2m x n matrices can be reduced to the pair (0,0) by adding 

{S*Hm{X) + l^AnR, R*iiAn + Hm{X)S), S e C^™'^", R € C"'^2m_ 

Reduce A to by putting R = and S = -Hm(Xy^A. To preserve A = 0, 
we hereafter must take S and R such that R*fiAn + Hm{X)S = 0; that is, 

S = -H„i{\y^R* ^lAn- 

Hence, we can add 

AB := ^Ar^R - fiA^RKMr^HmW 

to B. Write P = fiA:^R, then 

AB = fifi-'A^A;:P - P ( J„(A) ® J„(A)-^) . 

By (1561) . /i/i"^Z\„Z\„* has the single eigenvalue /i/i"^, which is of modulus 1. 
Since |A| > 1, /i/2"iZ\„Z\„* and Jm(A) © Jm(A)"^ have no common eigenvalues. 
Thus, AB is an arbitrary matrix and we make 5 = 0. 

7.2 Pairs of blocks A), J„(0)) with |A| > 1 

Due to Lemma l4.3( ii). it suffices to prove that each pair [B,A) of n x 2m, 
and 2m x n matrices can be reduced to exactly one pair of the form (0, 0) if 
n is even and to the form (0^, 0) if n is odd by adding 

iS*Hm(X) + J„(0)i?, i?V„(0) + HmiX)S), S € C^™'^", R € C"'<2m_ 

Putting R = and S = -Hm(Xy^A, we reduce A to 0. To preserve A = 
we hereafter must take S and R such that J„(0) + Hm{X)S = 0; that is, 

S = -Km{X)-'R*Jn{0). 

Hence we can add 

AB := J„(0)i? - Jr,{OfRRUXr*Hm{X) 

= UO)R-Jn{OfR{jm{X) ® JmCXy"^) 
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to B. 

Divide B and R into two blocks of size nxm: 

B = [MN], R = [UV]. 

We can add to M and the matrices 

AM := J„(0)[/ - UOfUJM), AiV := J„(0)y - J„(0)^FJ^(A)-^. 

We reduce M as follows. Let (ui,U2, ■ ■ ■ ,Un)^ be the first column of U. 
Then we can add to the first column bi of M the vector 

All : = (^^2, ■■■,Un, 0)^ - A(0, Ui, Un-lf 

_|0 ifn = l, 

[(-U2, lis - Alti, - Alt2, ...,Un - XUn-2, -Am„_i)^ if n > 1. 

The elements of this vector are linearly independent if n is even, and they 
are linearly dependent if n is odd. We reduce bi to zero if n is even, and 
to the form (*,0, . . . ,0)^ or (0, ... ,0, if n is odd. Then we successively 
reduce the other columns transforming M to if n is even, and to the form 
Onm if is odd. 

We reduce in the same way starting from the last column. 



7.3 Pairs of blocks V{XAm, Jn(0)) with |A| = 1 

Due to Lemma lOT ii). it suffices to prove that each pair {B,A) of nxm and 
mx n matrices can be reduced to exactly one pair of the form (0, 0) if n is 
even and to the form (0^, 0) if n is odd by adding 

iS*XAm + JniO)R, i?V„(0) + XA^S), S e C™''", R € C"''™. 

Putting R = and S = -XA^A, we reduce A to 0. To preserve A = 
we hereafter must take S and R such that i?* J„(0) + XA^S - 0; that is, 
S = -XA;^R*Jn{0). By §3), we can add 

AB := Jn(0)R - X^Jni^fRA-^A^ 

... 

rii ... ri^ 



^21 • 


^2m 


Tnl ■ 




. 


. 



-A^ 



rn-lA 



rn-1: 



2i 
1 







2i 
1 



to B. We reduce I? to if n is even and to 0^ if n is odd along its columns 
starting from the first column. 
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